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Abstract 
     In this paper, a new mathematical programming model is proposed for a partial flexible job 
shop scheduling problem with an integrated solution approach. The purpose of this model is the 
assignment of production operations to machines with the goal of simultaneously minimizing op-
erating costs and penalties. These penalties include delayed delivery, deviation from a fixed time 
point for preventive maintenance, and deviation from the priorities of each machine. Considering 
the priorities for machines in partial flexible job shop scheduling problems can be a contribution 
in closer to the reality of production systems. For validation and evaluation of the effectiveness of 
the model, several numerical examples are solved by using the Baron solver in GAMS. Sensitivity 
analysis is performed for the model parameters. The results further indicate the relationship be-
tween scheduling according to priorities of each machine and production scheduling. 
Keywords Flexible job shop, Preventive maintenance, Priorities, Scheduling. 
 
Introduction 
The job shop problem is one of the major issues in production planning. In the flexible job shop problem, 
it is assumed that each operation is allowed to be processed on a set of available machines. Flexible job 
shop scheduling is much more difficult than job shop scheduling because in this case there is the problem 
of assigning operations to machines.  
To cite this article: Farahani, Ameneh; Tohidi, Hamid; Khalaj, Mehran; Shoja, Ahmad (2020). Partial flexible job 
shop scheduling considering preventive mainte-nance and priorities WPOM-Working Papers on Operations Man-
agement, 11 (2), 27-48.  
doi: https://doi.org/10.4995/wpom.v11i2.14187 
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The problem of flexible job shop is first introduced by Brucker and Schlie (1990).  Kacem, Hammadi, 
and Borne (2002) divided the job shop scheduling problem into two categories: partial flexible job shop 
scheduling problem and total flexible job shop scheduling problem. If the set of machines available for 
each operation is a subset of machines, then this problem is a partial flexible job shop scheduling prob-
lem. If each operation can be done by all machines, then it is the total flexible job shop scheduling prob-
lem. The partial flexible job shop scheduling problem is harder than the total flexible job shop scheduling 
problem.  
Most flexible job shop models assume that machines are available at all production times, but in actual 
production environments, machines may not be available due to repairs, failures, etc. In flexible job shop 
scheduling problems, there are papers about the unavailability of machines in manufacturing systems due 
to preventive maintenance. These papers consider preventive maintenance in two ways: (1) preventive 
maintenance is carried out at a fixed time point, (2) preventive maintenance is performed within a speci-
fied time interval. (Gao, Gen, and Sun 2006). Gao, Gen, and Sun (2006) studied the problem of the flexi-
ble job shop scheduling with maintenance. In order to carry out maintenance, a time interval is considered 
that the time for completion of maintenance can be changed at this interval. Li and Huo (2009) consider 
the problem of scheduling seamless steel pipes as a flexible job shop scheduling. In this paper, the start 
time for repairs is a fixed time and the duration of the maintenance is fixed. 
Wang and Yu (2010) considered a flexible job-shop scheduling problem with machine availability con-
straints. Each machine is subject to preventive maintenance during the planning period and the starting 
times of maintenance activities are either flexible in a time interval or fixed time point. Rajkumar, Aso-
kan, and Vamsikrishna (2010) consider a flexible job shop scheduling problem with maintenance at a 
time interval, and uses the greedy randomized adaptive search procedure (GRASP) algorithm. Moradi, 
Ghomi, and Zandieh (2010) consider a flexible job shop scheduling problem with preventive maintenance 
over a time interval. In this paper, makespan is considered as an optimal criterion for this problem, and 
has used a learningable genetic architecture to solve the problem. Moradi, Ghomi, and Zandieh (2011) 
provide a hybrid problem of flexible job shop scheduling and preventive maintenance by the multi-
objective optimization approach. In this paper, the number of preventive maintenance and maintenance 
interval is not fixed.  
Dalfard and Mohammadi (2012) present a new mathematical modeling for the multi-objective flexible job 
shop problem with parallel machines and maintenance over a time interval. Li and Pan (2012) proposed 
an effective discrete chemical-reaction optimization algorithm for solving a flexible job shop scheduling 
problem with consideration of maintenance activity. In this paper, a time interval is considered for per-
forming maintenance. 
Li, Pan, and Tasgetiren (2014) presented a discrete artificial bee colony algorithm to solve a flexible job 
shop scheduling problem with maintenance. A time interval is considered to carry out the maintenance. 
Ziaee (2014) considers the problem of flexible job shop scheduling with preventive maintenance. The 
preventive maintenance has to be is executed within a given time interval and only one maintenance op-
eration is performed on each machine. Mokhtari and Dadgar (2015) present a mixed integer linear pro-
gramming model for flexible job shop scheduling problem with maintenance. A time interval is consid-
ered to carry out the maintenance. Thornblad et al. (2015) consider the problem of flexible job shop 
scheduling with preventive maintenance activities. The start time of maintenance is not a fixed time and 
each preventive maintenance operation has to be is executed within a given time interval. They propose a 
fast-iterative approach to solve the problem. Ye and Ma (2015) propose a multi-objective integrated op-
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timization model based on the concept of flexible job shop and preventive maintenance that minimizes 
the maximum completion time and maintenance cost per time unit. 
Zandieh, Khatami, and Rahmati (2017) developed the problem of flexible job shop scheduling with con-
dition-based maintenance. In this paper, the start time of the maintenance is based on the conditions and 
their time length is different. El Khoukhi, Boukachour, and Alaoui (2017) present the problem of flexible 
job shop scheduling with preventive maintenance.  A fixed time is considered to carry out the mainte-
nance. The objective is to minimize the makespan.  
According to the literature review presented in present paper and the search, in none of the models, priori-
ty is not given to choosing the machine and allocations are made only by the competence of the machine. 
In real production environments, there are always priorities in the select of machines for assignment to 
activities as well as the length of time the machine is turned on and the number of setups of each machine. 
These priorities can be due to the costs imposed on the production system by each machine, the difficulty 
of setting up, the difficulty of working with a machine and the quality of the products produced by each 
machine. In the present study, the priorities are considered to choosing machines so that the proposed 
model is closer to the reality of production environments. In papers that have investigated the flexible job 
shop scheduling problem with preventive maintenance, they assume the start time of preventive mainte-
nance is either a fixed time point or a time interval. In the actual production environments, taking a fixed 
time point for maintenance, interrupted production operations to perform repairs at a certain point in time, 
and sometimes rework operation on product are both costly and time-consuming. Also, considering a time 
interval for maintenance regardless of priority for any point time in this interval is far from the reality of 
maintenance. Therefore, the following points can be counted as the contribution of this paper in the par-
tial flexible job shop scheduling problems: (1) The preferred time to repair is a fixed time point. However, 
a time interval is considered for positive or negative deviation from this time point. A penalty has been set 
for the positive or negative deviation from this point within this time interval (2) For each machine, three 
priorities are considered, including the length of time the machine is turned on in the system, the type of 
operation assigned to each machine and the number of setups for each machine. There is a penalty for 
deviating from every of the preferred items of each machine. This assumption makes this model applica-
ble to industrial environments.  
The rest of the paper is presented as follows. Section 2 describes the proposed model. In section 3, several 
numerical examples are solved and sensitivity analysis is performed and the results are analyzed. In the 
end, section 4 will present a summary of the paper and conclusions and future suggestions. 
Description of proposed model 
In this paper, the problem of flexible job shop scheduling with preventive maintenance is studied. Hy-
potheses considered in this paper are summarized as follows: 
• The time for production operations varies by different machines available for that operation; 
• There is a setup time for each machine when the product is changed;  
• After starting a production operation on a machine, there is no possibility of interrupting for oth-
er production operation or preventive maintenance activity; 
• All machines and jobs are available at the beginning of the schedule; 
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• Each maintenance task has a fixed time for performing and a predefined time interval, in which 
the starting time of the preventive maintenance can be changed within it;  
• There are three priority items for each machine, which includes the duration that each machine is 
turned on, the operation assigned to each machine and the number of setups; 
• For different machines, the preventive maintenance interval, the duration of maintenance and the 
number of maintenance can be different;  
• Each machine during the planning horizon is assigned to stages that each stage occurs when the 
state of a machine or the type of operation or the type of product is changed.  
• For a machine that is turned on, there are four states in each stage that the machine can be as-
signed to one of the states in each stage. At each stage, either the machine is idle or the machine 
performs the production operation or  preventive maintenance is done or the machine is in setup 
state;  
• The setup state is considered either when changing jobs on each machine or when the machine is 
in idle state at the stage p and is assigned to a production operation at the stage p+2, then that 
machine should be in the setup state at the stage p+1; 
• Each machine can be started only once during the planning period;  
• Each machine can only perform a production operation at each stage and each production opera-
tion is performing only by a machine; 
The purpose of this mathematical model is to allocate production operations to machines and determine 
the sequence of production operations on each machine, in order to minimize production costs and costs 
of deviation from preferences for each machine, and the cost of deviation from the pre-set point for pre-
ventive maintenance in a time interval, and minimize the total delay time of the delivery of jobs. First, we 
introduce the indices, sets, parameters, and variables of the model, and in the following, the objective 
function and the constraints of the model are presented. 
indices 
𝑗𝑗′, 𝑗𝑗 :  Machine; 
𝑝𝑝, 𝑝𝑝′  :  Stage; 
𝑘𝑘′, 𝑘𝑘′′: Consecutive operations index on a job if the operation k′′ is performed after the operation k′; 
𝑘𝑘, ℎ ∶ Operations; 
𝑖𝑖′ , 𝑖𝑖   : Job; 
Sets 
𝐽𝐽   :  Set of machines; 
𝐼𝐼   : Set of  jobs; 
Ki: Set of operations of job  ; 
𝑃𝑃  : Set of  machine stages; 
Npmj  :  Set of preventive maintenance assigned to the machine j ; 
Ps  :  Set of stages allowed to start the activity of each machine; 
Jik :  Set of machines that can perform the operation oik ; 
Ifevj :  Set of production operations that are preferred for machine j ; 
Iafej   :  Set of production operations that are non- preferred for machine 𝑗𝑗; 
𝑂𝑂𝑖𝑖  :  Set of the Latest operations of job 𝑖𝑖; 
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Parameters 
𝑐𝑐𝑐𝑐𝑗𝑗  :  The cost per time unit when the  machine 𝑗𝑗 is turned on; 
𝑐𝑐𝑝𝑝𝑗𝑗  :  The cost of  turning on the machine 𝑗𝑗; 
𝑐𝑐𝑐𝑐𝑗𝑗  :  The cost per time unit for the assignment of the machine 𝑗𝑗 to the production operation 𝑜𝑜𝑖𝑖𝑖𝑖; 
𝑐𝑐𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝑗𝑗  :  The cost per time unit for the idle time  of the machine  𝑗𝑗; 
𝑐𝑐𝑐𝑐𝑐𝑐𝑗𝑗  :  The cost per time unit for the setup time of the machine  𝑗𝑗; 
𝑐𝑐𝑝𝑝𝑐𝑐𝑗𝑗  :  The cost per time unit for the duration of preventive maintenance of the  machine 𝑗𝑗; 
𝑝𝑝𝑐𝑐𝑐𝑐𝑐𝑐𝑝𝑝𝑗𝑗: Penalty for each positive deviation unit from the number of setups preferred for machine 𝑗𝑗; 
𝑝𝑝𝑐𝑐𝑐𝑐𝑐𝑐𝑝𝑝𝑗𝑗: Penalty for each negative deviation unit from the number of setups preferred for machine 𝑗𝑗; 
𝑝𝑝𝑐𝑐ℎ𝑐𝑐𝑝𝑝𝑗𝑗  : Penalty for each positive deviation unit from duration preferred to turn on the machine 𝑗𝑗;  
𝑝𝑝𝑐𝑐ℎ𝑐𝑐𝑝𝑝𝑗𝑗  : Penalty for each negative deviation unit from duration preferred to turn on the machine 𝑗𝑗;  
𝑝𝑝𝑐𝑐𝑐𝑐𝑝𝑝𝑐𝑐𝑝𝑝𝑛𝑛𝑗𝑗: Penalty for each unit of positive deviation from the start time of preventive maintenance of 
step 𝑝𝑝 machine 𝑗𝑗; 
𝑝𝑝𝑐𝑐𝑐𝑐𝑝𝑝𝑐𝑐𝑝𝑝𝑛𝑛𝑗𝑗  : Penalty for each unit of negative deviation from the start time of preventive maintenance of 
step 𝑝𝑝 machine 𝑗𝑗; 
𝑝𝑝𝑐𝑐𝑐𝑐𝑗𝑗 : Penalty for assigning the machine 𝑗𝑗 to the production operation that the machine can do it (depend-
ing on whether that production operation is preferred for that machine or that production operation is non-
preferred for that machine); 
𝑝𝑝𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖  :  Penalty for each time unit delayed delivered of the product 𝑖𝑖; 
𝑁𝑁𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝑗𝑗  :  The number of idle stages allowed for the machine 𝑗𝑗; 
𝑀𝑀𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝑗𝑗  :  The maximum total time  of idle allowed for the machine 𝑗𝑗; 
𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑗𝑗  :  The time  of operation  𝑜𝑜𝑖𝑖𝑖𝑖  on the machine 𝑗𝑗; 
𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑖𝑖′ℎ𝑗𝑗  : The time  of setup of  the  machine 𝑗𝑗 when changing from the operation 𝑜𝑜𝑖𝑖𝑖𝑖  on product 𝑖𝑖 to the 
operation 𝑜𝑜𝑖𝑖′ℎ  on product 𝑖𝑖′; 
𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑗𝑗  :  The length of setup of  the  machine 𝑗𝑗 when changing from the idle state to 𝑜𝑜𝑖𝑖𝑖𝑖 on product 𝑖𝑖 ; 
𝑆𝑆𝑆𝑆𝑝𝑝  :  The start time of the allowed stages; 
𝑜𝑜𝑖𝑖𝑖𝑖   :  The operation 𝑘𝑘 of  job 𝑖𝑖; 
𝑀𝑀𝑐𝑐𝑀𝑀𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝑗𝑗𝑝𝑝  :  The maximum allowed idle time of the  machine 𝑗𝑗 at each stage 𝑝𝑝; 
𝑐𝑐𝑐𝑐𝑗𝑗  :  The number of setups preferred for the machine  𝑗𝑗; 
ℎ𝑐𝑐𝑗𝑗  :  The preferred time of the machine 𝑗𝑗  to remain turn on; 
𝑐𝑐𝑐𝑐𝑝𝑝𝑐𝑐𝑛𝑛𝑗𝑗  :  The preferred start time of the preventive maintenance of the step  𝑝𝑝 of the machine 𝑗𝑗; 
𝑀𝑀: Big number; 
𝑐𝑐𝑝𝑝𝑐𝑐𝑛𝑛𝑗𝑗   : The time length of the preventive maintenance of the step 𝑝𝑝  of the machine 𝑗𝑗; 
𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖   :  Delivery deadline for the job 𝑖𝑖; 
𝑐𝑐𝑐𝑐𝑖𝑖𝑝𝑝𝑗𝑗  :  The minimum time that if the  machine 𝑗𝑗 is turned on , it should remain on; 
𝐸𝐸𝑆𝑆𝑝𝑝𝑐𝑐𝑛𝑛𝑗𝑗   : The earliest allowed start time for the preventive maintenance of the step 𝑝𝑝  machine 𝑗𝑗; 
𝐿𝐿𝑆𝑆𝑝𝑝𝑐𝑐𝑛𝑛𝑗𝑗     : The latest allowed start time for the preventive maintenance of the step  𝑝𝑝  machine 𝑗𝑗; 
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Variables 
𝑐𝑐𝑡𝑡𝑗𝑗  :  The total time length when the  machine 𝑗𝑗 is turned on; 
𝑐𝑐𝑐𝑐𝑗𝑗  :  The total length of time when the machine 𝑗𝑗 is assigned to the production operation 𝑜𝑜𝑖𝑖𝑖𝑖  ; 
𝑐𝑐𝑖𝑖𝑗𝑗  :  The total length of  time when the machine 𝑗𝑗  is idle at the production center; 
𝑐𝑐𝑐𝑐𝑗𝑗  :  The total time of setup of the machine  𝑗𝑗; 
𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑗𝑗:  The total time length of setup of the machine 𝑗𝑗 when changing product; 
𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝑗𝑗: The total time length of setup of the machine 𝑗𝑗 when changing from idle state to the assign-
ment to the production operation; 
𝑐𝑐𝑝𝑝𝑐𝑐𝑗𝑗  :  The total time length of  preventive maintenance of the machine 𝑗𝑗; 
𝑐𝑐𝑐𝑐𝑝𝑝𝑗𝑗  : The positive deviation from the number of setups preferred for the machine 𝑗𝑗; 
𝑐𝑐𝑐𝑐𝑝𝑝𝑗𝑗  :  The negative deviation from the number of setups preferred for the machine 𝑗𝑗; 
ℎ𝑝𝑝𝑗𝑗  :  The positive deviation from the time of turning on preferred of machine 𝑗𝑗; 
ℎ𝑝𝑝𝑗𝑗  :  The negative deviation from the time of turning on preferred for machine 𝑗𝑗; 
𝑐𝑐𝑝𝑝𝑐𝑐𝑝𝑝𝑛𝑛𝑗𝑗  :  The positive deviation from the start time of preventive maintenance of the step 𝑝𝑝  of the ma-
chine;  
𝑐𝑐𝑝𝑝𝑐𝑐𝑝𝑝𝑛𝑛𝑗𝑗: The negative deviation from the start time of preventive maintenance of the step 𝑝𝑝  of the ma-
chine;  
𝑝𝑝𝑗𝑗  :  Total number of operations assigned to machine 𝑗𝑗 (for preferred operation, negative sign and for non-
preferred operation, positive sign is considered);  
𝑝𝑝𝑝𝑝𝑝𝑝  :  The number of machines are turned on in stage 𝑝𝑝𝑝𝑝𝑃𝑃𝑆𝑆; 
𝑆𝑆𝑖𝑖  :  Total time of delayed delivery of product 𝑖𝑖; 
𝑐𝑐𝑗𝑗𝑝𝑝  :  The time length of the stage 𝑝𝑝 of the machine 𝑗𝑗; 
𝑐𝑐𝑐𝑐𝑗𝑗𝑝𝑝  : Binary variable that it is one if the machine 𝑗𝑗 is turned on at the 𝑝𝑝 ∈ 𝑃𝑃𝑠𝑠 stage and zero otherwise.  
𝑝𝑝𝑐𝑐𝑝𝑝𝑗𝑗𝑝𝑝  : Binary variable that it is one  if the machine 𝑗𝑗 is turn on at the stage 𝑝𝑝 and zero otherwise; 
𝑀𝑀𝑐𝑐𝑗𝑗𝑝𝑝  : Binary variable that it is one if the machine 𝑗𝑗 is assigned to the production operations at stage 𝑝𝑝 and 
zero otherwise; 
𝑀𝑀𝑖𝑖𝑐𝑐𝑗𝑗𝑝𝑝  : Binary variable that it is one if the machine 𝑗𝑗 is idle at stage 𝑝𝑝 and zero otherwise. 
𝑀𝑀𝑝𝑝𝑐𝑐𝑗𝑗𝑝𝑝: Binary variable that it is one if the machine 𝑗𝑗 is assigned to preventive maintenance in stage 𝑝𝑝 
and zero otherwise; 
𝑀𝑀𝑐𝑐𝑐𝑐𝑗𝑗𝑝𝑝 : Binary variable that it is one if the machine 𝑗𝑗 is assigned to the setup state at stage 𝑝𝑝 and zero 
otherwise;  
𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑗𝑗𝑝𝑝  : Binary variable that it is one if the machine 𝑗𝑗 is assigned to activity 𝑜𝑜𝑖𝑖𝑖𝑖 in stage 𝑝𝑝 and zero other-
wise;  
𝑐𝑐𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑗𝑗𝑝𝑝: Binary variable that is one if the machine 𝑗𝑗 is assigned to activity 𝑜𝑜𝑖𝑖𝑖𝑖  at stage 𝑝𝑝 after an idle 
stage and zero otherwise;  
𝑐𝑐𝑝𝑝𝑐𝑐𝑛𝑛𝑗𝑗𝑝𝑝  : Binary variable that is one if the machine 𝑗𝑗 is assigned to preventive maintenance of the step 𝑝𝑝 
in stage 𝑝𝑝 and zero otherwise; 
𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑖𝑖′ℎ𝑗𝑗𝑝𝑝: Binary variable that is one if the machine 𝑗𝑗 is assigned to the setup state in the change of the 
operation 𝑜𝑜𝑖𝑖𝑖𝑖  on product  𝑖𝑖 to the operation 𝑜𝑜𝑖𝑖′ℎ on the product 𝑖𝑖′ and zero otherwise; 
𝐴𝐴𝑐𝑐𝑐𝑐𝑐𝑐𝑗𝑗𝑝𝑝: Binary variable that is one if the machine 𝑗𝑗 is assigned to the setup state in the change of  the 
product and zero otherwise; 
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𝐴𝐴𝑐𝑐𝑐𝑐𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝑗𝑗𝑝𝑝: Binary variable that is one if the machine 𝑗𝑗 is assigned to the setup state after an idle stage and 
zero otherwise;  
𝑀𝑀𝑗𝑗𝑝𝑝  :   The start time of the stage 𝑝𝑝 of the machine 𝑗𝑗; 
𝑀𝑀𝑐𝑐𝑖𝑖𝑖𝑖𝑗𝑗  :  The start time of the  operation 𝑜𝑜𝑖𝑖𝑖𝑖on the machine 𝑗𝑗; 
𝑀𝑀𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑖𝑖′ℎ𝑗𝑗  :  The start time of the setup operation in the change of the operation 𝑜𝑜𝑖𝑖𝑖𝑖  on the product 𝑖𝑖 to the 
operation 𝑜𝑜𝑖𝑖′ℎ on the product 𝑖𝑖′ of the machine 𝑗𝑗; 
𝑀𝑀𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑗𝑗  :  The start time of the setup state in the change from the idle state to the production operation.  
𝑀𝑀𝑝𝑝𝑐𝑐𝑛𝑛𝑗𝑗  :  The start time of the preventive maintenance of the step 𝑝𝑝 on the machine 𝑗𝑗; 
𝑀𝑀𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝑗𝑗𝑝𝑝  :  The start time of idling of machine 𝑗𝑗 in the stage 𝑝𝑝; 
𝑝𝑝𝑐𝑐𝑗𝑗  :  The number of setup of the machine 𝑗𝑗; 
𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖  :  The deviation from the delivery time of the product 𝑖𝑖 (Both positive and negative); 
𝑏𝑏𝑝𝑝𝑐𝑐𝑛𝑛𝑗𝑗  :  Binary variable that it is one if preventive maintenance of the step 𝑝𝑝 of the machine 𝑗𝑗 should be 
assigned to that machine and zero otherwise; 
𝑐𝑐𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝑗𝑗𝑝𝑝  : The idle time of the machine  𝑗𝑗 in the stage 𝑝𝑝; 
𝑍𝑍: The objective function 
The objective function 
The objective function is consisting of a sum of eleven functions. All functions are of cost type. 
𝑀𝑀𝑖𝑖𝑝𝑝 𝑍𝑍 = 𝐹𝐹1 + 𝐹𝐹2 + 𝐹𝐹3 + 𝐹𝐹4 + 𝐹𝐹5 + 𝐹𝐹6 + 𝐹𝐹7 + 𝐹𝐹8 + 𝐹𝐹9 + 𝐹𝐹10 + 𝐹𝐹11  (1) 
Which are as follows: 
1- The cost of the time length is turning on the machine at the production center: 
     𝐹𝐹1 = ∑ 𝑐𝑐𝑐𝑐𝑗𝑗𝑐𝑐𝑡𝑡𝑗𝑗𝑗𝑗∈𝐽𝐽  (2) 
2- The cost of the number of machines that are started: 
     𝐹𝐹2 = ∑ ∑ 𝑐𝑐𝑝𝑝𝑗𝑗𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝∈𝑃𝑃𝑠𝑠𝑗𝑗∈𝐽𝐽  (3) 
3- The cost of assigning machines to production operations: 
     𝐹𝐹3 = ∑ (𝑐𝑐𝑐𝑐𝑗𝑗𝑗𝑗∈𝐽𝐽 𝑐𝑐𝑐𝑐𝑗𝑗) (4) 
4- The idle cost for machines: 
     𝐹𝐹4 = ∑ (𝑐𝑐𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝑗𝑗𝑗𝑗∈𝐽𝐽 𝑐𝑐𝑖𝑖𝑗𝑗) (5) 
5- The cost of setup for machines: 
     𝐹𝐹5 = ∑ (𝑐𝑐𝑐𝑐𝑐𝑐𝑗𝑗𝑗𝑗∈𝐽𝐽 𝑐𝑐𝑐𝑐𝑗𝑗) (6) 
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6-  The cost of preventive maintenance of machines: 
     𝐹𝐹6 = ∑ (𝑐𝑐𝑝𝑝𝑐𝑐𝑗𝑗𝑗𝑗∈𝐽𝐽 𝑐𝑐𝑝𝑝𝑐𝑐𝑗𝑗) (7) 
     And the penalty of deviation from the preference of each machine include:  
7- The penalty resulting from the deviation (positive or negative) from the number of preferred setup of 
each machine: 
     𝐹𝐹7 = ∑ 𝑝𝑝𝑐𝑐𝑐𝑐𝑐𝑐𝑝𝑝𝑗𝑗𝑗𝑗∈𝐽𝐽 𝑐𝑐𝑐𝑐𝑝𝑝𝑗𝑗 + 𝑝𝑝𝑐𝑐𝑐𝑐𝑐𝑐𝑝𝑝𝑗𝑗𝑐𝑐𝑐𝑐𝑝𝑝𝑗𝑗) (8) 
8- The penalty resulting from the deviation (positive or negative) of the time length of the turning on 
preferred for each machine (if it is turned on): 
     𝐹𝐹8 = ∑ 𝑝𝑝𝑐𝑐ℎ𝑐𝑐𝑝𝑝𝑗𝑗𝑗𝑗∈𝐽𝐽 ℎ𝑝𝑝𝑗𝑗 + 𝑝𝑝𝑐𝑐ℎ𝑐𝑐𝑝𝑝𝑗𝑗ℎ𝑝𝑝𝑗𝑗) (9) 
9- The penalty imposed by the assignment of machines to the production operations: 
     𝐹𝐹9 = ∑ (𝑝𝑝𝑐𝑐𝑐𝑐𝑗𝑗𝑗𝑗∈𝐽𝐽 𝑝𝑝𝑗𝑗) (10) 
10- The penalty for the deviation (positive or negative) from the start time of preventive maintenance of 
the step 𝑝𝑝 of each machine: 
     𝐹𝐹10 = ∑ ∑ (𝑝𝑝𝑐𝑐𝑐𝑐𝑝𝑝𝑐𝑐𝑝𝑝𝑛𝑛𝑗𝑗𝑛𝑛∈𝑁𝑁𝑗𝑗∈𝐽𝐽 𝑐𝑐𝑝𝑝𝑐𝑐𝑝𝑝𝑛𝑛𝑗𝑗 + 𝑝𝑝𝑐𝑐𝑐𝑐𝑝𝑝𝑐𝑐𝑝𝑝𝑛𝑛𝑗𝑗𝑐𝑐𝑝𝑝𝑐𝑐𝑝𝑝𝑛𝑛𝑗𝑗) (11) 
11- Penalty for delayed delivery of each product: 
     𝐹𝐹11 = ∑ (𝑝𝑝𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖𝑆𝑆𝑖𝑖)𝑖𝑖∈𝐼𝐼  (12) 
Constraints 
1.  The number of machines that start their activity at each allowed stage; 
     ∑ 𝑐𝑐𝑐𝑐𝑗𝑗𝑝𝑝𝑗𝑗∈𝐽𝐽 = 𝑝𝑝𝑝𝑝𝑝𝑝           ∀𝑝𝑝 ∈ 𝑃𝑃𝑠𝑠 (13) 
2. Each machine can start its activity only once during each production period; 
     ∑ 𝑐𝑐𝑐𝑐𝑗𝑗𝑝𝑝 ≤ 1𝑝𝑝∈𝑃𝑃𝑠𝑠              ∀𝑗𝑗 ∈ 𝐽𝐽  (14) 
3.  A machine can be turn on in the first stage if it starts its activity in this stage; 
     𝑝𝑝𝑐𝑐𝑝𝑝𝑗𝑗𝑝𝑝 = 𝑐𝑐𝑐𝑐𝑗𝑗𝑝𝑝                 ∀𝑝𝑝 ∈ 𝑃𝑃𝑠𝑠,       𝑝𝑝 = 1,        ∀𝑗𝑗 ∈ 𝐽𝐽  (15) 
 
4. A machine can only be turn on at the stages allowed to get started (other than the first period), which is 
either turned on at that stage or has been turned on in the previous period; 
     𝑝𝑝𝑐𝑐𝑝𝑝𝑗𝑗𝑝𝑝 ≤ 𝑐𝑐𝑐𝑐𝑗𝑗𝑝𝑝 + 𝑝𝑝𝑐𝑐𝑝𝑝𝑗𝑗𝑝𝑝−1        ∀𝑝𝑝 ∈ 𝑃𝑃𝑠𝑠 − 1,        ∀𝑗𝑗 ∈ 𝐽𝐽  (16) 
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5. Except for the stages allowed to start, a machine can only be turn on at each stage, if it is turned on at 
the previous stage; 
     𝑝𝑝𝑐𝑐𝑝𝑝𝑗𝑗𝑝𝑝+1 ≤ 𝑝𝑝𝑐𝑐𝑝𝑝𝑗𝑗𝑝𝑝                      ∀𝑝𝑝 ∈ 𝑃𝑃 − 𝑃𝑃𝑠𝑠,               ∀𝑗𝑗 ∈ 𝐽𝐽  (17) 
6. If a machine turns on at each stage, must be in one of four states include assigned to production opera-
tions, set up, preventive maintenance and idle state; 
     𝑝𝑝𝑐𝑐𝑝𝑝𝑗𝑗𝑝𝑝 = 𝑀𝑀𝑐𝑐𝑗𝑗𝑝𝑝 + 𝑀𝑀𝑝𝑝𝑐𝑐𝑗𝑗𝑝𝑝 + 𝑀𝑀𝑐𝑐𝑐𝑐𝑗𝑗𝑝𝑝 + 𝑀𝑀𝑖𝑖𝑐𝑐𝑗𝑗𝑝𝑝        ∀𝑝𝑝 ∈ 𝑃𝑃,               ∀𝑗𝑗 ∈ 𝐽𝐽  (18) 
7. A machine is at the state  𝑀𝑀𝑐𝑐𝑗𝑗𝑝𝑝 at each stage, which is assigned to one of the production operations that 
it has the ability to do it at that stage; 
     𝑀𝑀𝑐𝑐𝑗𝑗𝑝𝑝 = ∑ ∑ 𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑗𝑗𝑝𝑝𝑖𝑖∈𝐾𝐾𝑖𝑖𝑖𝑖∈𝐼𝐼         ∀𝑝𝑝 ∈ 𝑃𝑃,               ∀𝑗𝑗 ∈ 𝐽𝐽𝑖𝑖𝑖𝑖   (19) 
8. A machine is in the state 𝑀𝑀𝑝𝑝𝑐𝑐𝑗𝑗𝑝𝑝 at each stage, which is assigned to one of the preventive maintenance 
steps of the machine at that stage; 
     𝑀𝑀𝑝𝑝𝑐𝑐𝑗𝑗𝑝𝑝 = ∑ 𝑐𝑐𝑝𝑝𝑐𝑐𝑛𝑛𝑗𝑗𝑝𝑝𝑛𝑛∈𝑁𝑁𝑝𝑝𝑁𝑁𝑗𝑗         ∀𝑝𝑝 ∈ 𝑃𝑃,               ∀𝑗𝑗 ∈ 𝐽𝐽  (20) 
9. A machine is in the state 𝑀𝑀𝑐𝑐𝑐𝑐𝑗𝑗𝑝𝑝 at each stage, which, that machine is assigned to a production operation 
on a product in the previous stage, and in the next stage it is assigned to a production operation on another 
product or that it is in the previous stage in idle state and in the next stage it is assigned to a production 
operation on a product; 
     𝑀𝑀𝑐𝑐𝑐𝑐𝑗𝑗𝑝𝑝 = 𝐴𝐴𝑐𝑐𝑐𝑐𝑐𝑐𝑗𝑗𝑝𝑝 + 𝐴𝐴𝑐𝑐𝑐𝑐𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝑗𝑗𝑝𝑝         ∀𝑝𝑝 ∈ 𝑃𝑃,               ∀𝑗𝑗 ∈ 𝐽𝐽  (21) 
10. A machine is in the state 𝐴𝐴𝑐𝑐𝑐𝑐𝑐𝑐𝑗𝑗𝑝𝑝 at each stage, which in the previous stage, it is assigned to a produc-
tion operation on a product, and then it is assigned to a production operation on another product in the 
next stage; 
     𝐴𝐴𝑐𝑐𝑐𝑐𝑐𝑐𝑗𝑗𝑝𝑝+1 ≥ 𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑗𝑗𝑝𝑝 + 𝑐𝑐𝑐𝑐𝑖𝑖′ℎ𝑗𝑗𝑝𝑝+2 − 1   
     ∀𝑝𝑝 ∈ 𝑃𝑃,    ∀𝑗𝑗 ∈ 𝐽𝐽𝑖𝑖𝑖𝑖 ∩ 𝐽𝐽𝑖𝑖′ℎ,    ∀ 𝑖𝑖, 𝑖𝑖′ ∈ 𝐼𝐼, 𝑖𝑖 ≠ 𝑖𝑖′    𝑘𝑘 ∈ 𝐾𝐾𝑖𝑖 ,    ℎ ∈ 𝐾𝐾𝑖𝑖′   (22) 
11. A machine is in the state 𝐴𝐴𝑐𝑐𝑐𝑐𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝑗𝑗𝑝𝑝 at each stage, which is in the previous stage in idle state and then 
it is assigned to a production operation on a product in the next stage. 
     𝐴𝐴𝑐𝑐𝑐𝑐𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝑗𝑗𝑝𝑝+1 ≥ 𝑀𝑀𝑖𝑖𝑐𝑐𝑗𝑗𝑝𝑝 + 𝑀𝑀𝑐𝑐𝑗𝑗𝑝𝑝+2 − 1        ∀𝑝𝑝 ∈ 𝑃𝑃,               ∀𝑗𝑗 ∈ 𝐽𝐽  (23) 
   𝐴𝐴𝑐𝑐𝑐𝑐𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝑗𝑗𝑝𝑝+1 = ∑ ∑ 𝑐𝑐𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑗𝑗𝑝𝑝+2𝑖𝑖∈𝐾𝐾𝑖𝑖𝑖𝑖∈𝐼𝐼         ∀𝑝𝑝 ∈ 𝑃𝑃,               ∀𝑗𝑗 ∈ 𝐽𝐽  (24) 
12. The start time of each machine depends on the stage that is turned on; 
     𝑀𝑀𝑗𝑗𝑝𝑝 = 𝑆𝑆𝑆𝑆𝑝𝑝 . 𝑐𝑐𝑐𝑐𝑗𝑗𝑝𝑝       ∀𝑝𝑝 ∈ 𝑃𝑃𝑆𝑆 ,               ∀𝑗𝑗 ∈ 𝐽𝐽  (25) 
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13. All the production operations must be done; 
     ∑ ∑ 𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑗𝑗𝑝𝑝𝑝𝑝∈𝑃𝑃 = 1𝑗𝑗∈𝑗𝑗𝑖𝑖𝑖𝑖        ∀𝑖𝑖 ∈ 𝐼𝐼,     𝑘𝑘 ∈ 𝐾𝐾𝑖𝑖   (26) 
14. The start time of the preventive maintenance of each step is equal to the start time of the stage that the 
machine is assigned to the maintenance of that step; 
     𝑀𝑀𝑝𝑝𝑐𝑐𝑛𝑛𝑗𝑗 = 𝑀𝑀𝑗𝑗𝑝𝑝 . 𝑐𝑐𝑝𝑝𝑐𝑐𝑛𝑛𝑗𝑗𝑝𝑝        ∀𝑝𝑝 ∈ 𝑃𝑃,   ∀𝑗𝑗 ∈ 𝐽𝐽, ∀𝑝𝑝 ∈ 𝑁𝑁𝑝𝑝𝑐𝑐𝑗𝑗   (27) 
15. The start time of preventive maintenance should be within a certain range; 
     𝐸𝐸𝑆𝑆𝑝𝑝𝑐𝑐𝑛𝑛𝑗𝑗 ≤ 𝑀𝑀𝑝𝑝𝑐𝑐𝑛𝑛𝑗𝑗 ≤ 𝐿𝐿𝑆𝑆𝑝𝑝𝑐𝑐𝑛𝑛𝑗𝑗        ∀𝑝𝑝 ∈ 𝑁𝑁𝑝𝑝𝑐𝑐𝑗𝑗 ,               ∀𝑗𝑗 ∈ 𝐽𝐽  (28) 
16. The number of idle stages assigned to each machine should not exceed the permitted number; 
     ∑ 𝑀𝑀𝑖𝑖𝑐𝑐𝑗𝑗𝑝𝑝 ≤𝑝𝑝∈𝑃𝑃 𝑁𝑁𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝑗𝑗        ∀𝑗𝑗 ∈ 𝐽𝐽  (29) 
17. The time length of idle for each machine at each stage should not exceed the maximum allowed idle 
time; 
     𝑐𝑐𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝑗𝑗𝑝𝑝 ≤ 𝑀𝑀𝑐𝑐𝑀𝑀𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝑗𝑗𝑝𝑝        ∀𝑗𝑗 ∈ 𝐽𝐽,      ∀𝑝𝑝 ∈ 𝑃𝑃  (30) 
18. The total idle time of each machine should not exceed the maximum allowed idle time; 
     𝑐𝑐𝑖𝑖𝑗𝑗 ≤ 𝑀𝑀𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝑗𝑗        ∀𝑗𝑗 ∈ 𝐽𝐽        (31) 
19. The time length of each stage for each machine is calculated as follows: 
 𝑐𝑐𝑗𝑗𝑝𝑝 = ∑ ∑ 𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑗𝑗𝑝𝑝𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑗𝑗𝑖𝑖∈𝐾𝐾𝑖𝑖𝑖𝑖∈𝐼𝐼 + ∑ ∑ ∑ ∑ 𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑖𝑖′ℎ𝑗𝑗𝑝𝑝𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑖𝑖′ℎ𝑗𝑗ℎ∈𝐾𝐾𝑖𝑖′𝑖𝑖′𝑖𝑖∈𝐾𝐾𝑖𝑖𝑖𝑖∈𝐼𝐼        
  +∑ ∑ 𝑐𝑐𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑗𝑗𝑝𝑝𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑗𝑗𝐾𝐾𝑖𝑖𝑖𝑖 + 𝑀𝑀𝑖𝑖𝑐𝑐𝑗𝑗𝑝𝑝𝑐𝑐𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝑗𝑗𝑝𝑝 + ∑ 𝑐𝑐𝑝𝑝𝑐𝑐𝑛𝑛𝑗𝑗𝑝𝑝𝑐𝑐𝑝𝑝𝑐𝑐𝑛𝑛𝑗𝑗𝑛𝑛          ∀𝑗𝑗 ∈ 𝐽𝐽, 𝑝𝑝 ∈ 𝑃𝑃   (32) 
20. The start time of each stage assigned to each machine, with the exception of the first stage, is equal to 
the sum of the start time of the previous stage plus the time length of that stage; 
     𝑀𝑀𝑗𝑗𝑝𝑝+1 = 𝑀𝑀𝑗𝑗𝑝𝑝 + 𝑐𝑐𝑗𝑗𝑝𝑝       ∀𝑝𝑝 ∈ 𝑃𝑃 − 𝑃𝑃𝑆𝑆, ∀𝑗𝑗 ∈ 𝐽𝐽         (33) 
21. The start time of each production operation on each machine is calculated as follows: 
     𝑀𝑀𝑐𝑐𝑖𝑖𝑖𝑖𝑗𝑗 = 𝑀𝑀𝑗𝑗𝑝𝑝 . 𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑗𝑗𝑝𝑝        ∀𝑝𝑝 ∈ 𝑃𝑃, ∀𝑖𝑖 ∈ 𝐼𝐼, ∀𝑘𝑘 ∈ 𝐾𝐾𝑖𝑖 , ∀𝑗𝑗 ∈ 𝐽𝐽𝑖𝑖𝑖𝑖         (34) 
22. The start time of setup activity in the change of the operation 𝑜𝑜𝑖𝑖𝑖𝑖  to 𝑜𝑜𝑖𝑖′ℎ on the machine 𝑗𝑗 is calculated 
as follows:  
   𝑀𝑀𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑖𝑖′ℎ𝑗𝑗 = 𝑀𝑀𝑗𝑗𝑝𝑝𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑖𝑖′ℎ𝑗𝑗𝑝𝑝                
     ∀𝑝𝑝 ∈ 𝑃𝑃, ∀𝑖𝑖, 𝑖𝑖′ ∈ 𝐼𝐼, 𝑖𝑖 ≠ 𝑖𝑖′, ∀𝑘𝑘 ∈ 𝐾𝐾𝑖𝑖 ,∀ℎ ∈ 𝐾𝐾𝑖𝑖′  , ∀𝑗𝑗 ∈ 𝐽𝐽𝑖𝑖𝑖𝑖 ∩ 𝐽𝐽𝑖𝑖′ℎ        (35) 
23. The start time of setup activity is calculated on each machine, when the state of the machine changes 
from the idle state to production operations state.  
     𝑀𝑀𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑗𝑗 = 𝑀𝑀𝑗𝑗𝑝𝑝𝑐𝑐𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑗𝑗𝑝𝑝        ∀𝑝𝑝 ∈ 𝑃𝑃, ∀𝑖𝑖 ∈ 𝐼𝐼, ∀𝑘𝑘 ∈ 𝐾𝐾𝑖𝑖 ,   ∀𝑗𝑗 ∈ 𝐽𝐽        (36) 
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24. The start time of the idle for each machine at each stage, is calculated as follows: 
     𝑀𝑀𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝑗𝑗𝑝𝑝 = 𝑀𝑀𝑗𝑗𝑝𝑝 .𝑀𝑀𝑖𝑖𝑐𝑐𝑗𝑗𝑝𝑝        ∀𝑝𝑝 ∈ 𝑃𝑃,   ∀𝑗𝑗 ∈ 𝐽𝐽        (37) 
25. The sequence of the start time of production operations of a product on a machine is ensured if both 
activities are assigned to a machine; 
   𝑀𝑀𝑐𝑐𝑖𝑖𝑖𝑖𝑗𝑗𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑗𝑗𝑝𝑝 + 𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑗𝑗𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑗𝑗𝑝𝑝 ≤ 𝑀𝑀𝑐𝑐𝑖𝑖ℎ𝑗𝑗𝑐𝑐𝑐𝑐𝑖𝑖ℎ𝑗𝑗𝑝𝑝′          
   ∀ 𝑘𝑘, ℎ ∈ 𝐾𝐾𝑖𝑖  ,∀ ℎ > 𝑘𝑘  , ∀  𝑖𝑖 ∈ 𝐼𝐼,   𝑗𝑗 ∈ 𝐽𝐽𝑖𝑖𝑖𝑖 ∩ 𝐽𝐽𝑖𝑖ℎ   , ∀ 𝑝𝑝, 𝑝𝑝′ ∈ 𝑃𝑃 , 𝑝𝑝′ > 𝑝𝑝      (38) 
26. The sequence of the start time of  production operations of a product on different machines is ensured; 
   𝑀𝑀𝑐𝑐𝑖𝑖𝑖𝑖𝑗𝑗𝑐𝑐𝑖𝑖𝑖𝑖𝑗𝑗𝑝𝑝 + 𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑗𝑗𝑐𝑐𝑖𝑖𝑖𝑖𝑗𝑗𝑝𝑝 ≤ 𝑀𝑀𝑐𝑐𝑖𝑖ℎ𝑗𝑗′𝑐𝑐𝑐𝑐𝑖𝑖ℎ𝑗𝑗′𝑝𝑝′          
   ∀ 𝑘𝑘, ℎ ∈ 𝐾𝐾𝑖𝑖 , ∀ℎ > 𝑘𝑘  , ∀  𝑖𝑖 ∈ 𝐼𝐼,   𝑗𝑗′ , 𝑗𝑗 ∈ 𝐽𝐽𝑖𝑖𝑖𝑖 ∩ 𝐽𝐽𝑖𝑖ℎ  , 𝑗𝑗 ≠ 𝑗𝑗′ , ∀ 𝑝𝑝, 𝑝𝑝′ ∈ 𝑃𝑃      (39) 
27. The sequence of the production of different products on a machine according to the time length of 
setup is ensured; 
   𝑀𝑀𝑗𝑗𝑝𝑝𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑗𝑗𝑝𝑝 + 𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑗𝑗𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑗𝑗𝑝𝑝 + 𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑖𝑖′ℎ𝑗𝑗𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑖𝑖′ℎ𝑗𝑗𝑝𝑝+1 ≤ 𝑀𝑀𝑗𝑗𝑝𝑝+2𝑐𝑐𝑐𝑐𝑖𝑖′ℎ𝑗𝑗𝑝𝑝+2         
   ∀ 𝑘𝑘 ∈ 𝐾𝐾𝑖𝑖 , ∀ℎ ∈ 𝐾𝐾𝑖𝑖′     , ∀  𝑖𝑖, 𝑖𝑖′ ∈ 𝐼𝐼, 𝑖𝑖 ≠ 𝑖𝑖′,     𝑗𝑗 ∈ 𝐽𝐽𝑖𝑖𝑖𝑖 ∩ 𝐽𝐽𝑖𝑖′ℎ  , ∀ 𝑝𝑝 ∈ 𝑃𝑃      (40) 
28. The sequence of successive production operations of a product on a machine is ensured; 
   𝑀𝑀𝑗𝑗𝑝𝑝𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖′𝑗𝑗𝑝𝑝 + 𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖′𝑗𝑗𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖′𝑗𝑗𝑝𝑝 ≤ 𝑀𝑀𝑗𝑗𝑝𝑝+1𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖′′𝑗𝑗𝑝𝑝+1         
   ∀ 𝑘𝑘′,𝑘𝑘′′ ∈ 𝐾𝐾𝑖𝑖  , 𝑘𝑘′ < 𝑘𝑘′′  , ∀  𝑖𝑖 ∈ 𝐼𝐼,   𝑗𝑗 ∈ 𝐽𝐽𝑖𝑖𝑖𝑖′ ∩ 𝐽𝐽𝑖𝑖𝑖𝑖′′   , ∀ 𝑝𝑝 ∈ 𝑃𝑃      (41) 
29. The sequence of successive production operations of a product on different machines is ensured; 
   𝑀𝑀𝑗𝑗𝑝𝑝𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖′𝑗𝑗𝑝𝑝 + 𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖′𝑗𝑗𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖′𝑗𝑗𝑝𝑝 ≤ 𝑀𝑀𝑗𝑗′𝑝𝑝′𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖′′𝑗𝑗′𝑝𝑝′       
∀ 𝑘𝑘′, 𝑘𝑘′′ ∈ 𝐾𝐾𝑖𝑖    𝑘𝑘′ < 𝑘𝑘′′ ,  ∀ 𝑖𝑖 ∈ 𝐼𝐼,     𝑗𝑗′ , 𝑗𝑗 ∈ 𝐽𝐽𝑖𝑖𝑖𝑖′ ∩ 𝐽𝐽𝑖𝑖𝑖𝑖′′ , 𝑗𝑗 ≠ 𝑗𝑗′  , ∀ 𝑝𝑝, 𝑝𝑝′ ∈ 𝑃𝑃,  𝑝𝑝 ≠ 𝑝𝑝′      (42) 
30. A machine is assigning to the state  𝐴𝐴𝑐𝑐𝑐𝑐𝑐𝑐𝑗𝑗𝑝𝑝 at each stage if the product has been changed on the ma-
chine; 
     𝐴𝐴𝑐𝑐𝑐𝑐𝑐𝑐𝑗𝑗𝑝𝑝 = ∑ ∑ 𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑖𝑖′ℎ𝑗𝑗𝑝𝑝ℎ∈𝐾𝐾𝑖𝑖′𝑖𝑖∈𝐾𝐾𝑖𝑖        ∀𝑖𝑖, 𝑖𝑖
′ ∈ 𝐼𝐼, 𝑖𝑖 ≠ 𝑖𝑖′  ∀𝑗𝑗 ∈ 𝐽𝐽𝑖𝑖𝑖𝑖 ∩ 𝐽𝐽𝑖𝑖′ℎ, ∀𝑝𝑝 ∈ 𝑃𝑃       (43) 
31. The total time of the assignment of each machine to the production operations; 
     −𝑐𝑐𝑐𝑐𝑗𝑗 + ∑ ∑ ∑ 𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑗𝑗𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑗𝑗𝑝𝑝𝑝𝑝∈𝑃𝑃𝑖𝑖∈𝐾𝐾𝑖𝑖 = 0𝑖𝑖∈𝐼𝐼        ∀𝑗𝑗 ∈ 𝐽𝐽𝑖𝑖𝑖𝑖 (44) 
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32. The total time of the assignment of each machine to the preventive maintenance; 
     −𝑐𝑐𝑝𝑝𝑐𝑐𝑗𝑗 + ∑ ∑ 𝑐𝑐𝑝𝑝𝑐𝑐𝑛𝑛𝑗𝑗𝑐𝑐𝑝𝑝𝑐𝑐𝑛𝑛𝑗𝑗𝑝𝑝 = 0𝑝𝑝∈𝑃𝑃𝑛𝑛∈𝑁𝑁𝑝𝑝𝑁𝑁𝑗𝑗        ∀𝑗𝑗 ∈ 𝐽𝐽 (45) 
33. The total time of the setup of the machine 𝑗𝑗; 
     −𝑐𝑐𝑐𝑐𝑗𝑗 + 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑗𝑗 + 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝑗𝑗 = 0                       ∀𝑗𝑗 ∈ 𝐽𝐽 (46) 
34. The total time is assigned to the setup state for each machine when the product is changed. 
   −𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑗𝑗  + ∑ ∑ ∑ ∑ ∑ 𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑖𝑖′ℎ𝑗𝑗𝑐𝑐𝑖𝑖𝑖𝑖𝑖𝑖′ℎ𝑗𝑗𝑝𝑝
𝑠𝑠𝑠𝑠 = 0𝑝𝑝∈𝑃𝑃ℎ∈𝑖𝑖′𝑖𝑖′∈𝐼𝐼𝑖𝑖∈𝐾𝐾𝑖𝑖𝑖𝑖∈𝐼𝐼    ∀𝑗𝑗 ∈ 𝐽𝐽𝑖𝑖𝑖𝑖 ∩ 𝐽𝐽𝑖𝑖′ℎ  , 𝑖𝑖 ≠ 𝑖𝑖
′ (47) 
35. The total time of the assignment of each machine to the setup state in the change from idle state to 
production operations is computed;   
      −𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝑗𝑗  + ∑ ∑ ∑ 𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑗𝑗𝑖𝑖∈𝐾𝐾𝑖𝑖𝑖𝑖∈𝐼𝐼 𝑐𝑐𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑗𝑗𝑝𝑝𝑝𝑝∈𝑃𝑃 = 0                  ∀𝑗𝑗 ∈ 𝐽𝐽𝑖𝑖𝑖𝑖 (48) 
 36. The total time of idle is calculated for each machine after it is turned; 
      −𝑐𝑐𝑖𝑖𝑗𝑗 + ∑ 𝑐𝑐𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝑗𝑗𝑝𝑝𝑀𝑀𝑖𝑖𝑐𝑐𝑗𝑗𝑝𝑝 = 0𝑝𝑝∈𝑃𝑃                 ∀𝑗𝑗 ∈ 𝐽𝐽 (49) 
37. The total time of turning on is computed for each machine; 
      𝑐𝑐𝑡𝑡𝑗𝑗 + 𝑐𝑐𝑐𝑐𝑗𝑗 + 𝑐𝑐𝑝𝑝𝑐𝑐𝑗𝑗 + 𝑐𝑐𝑐𝑐𝑗𝑗 + 𝑐𝑐𝑖𝑖𝑗𝑗 = 0                ∀𝑗𝑗 ∈ 𝐽𝐽 (50) 
38. The number of setups assigned to machine 𝑗𝑗 is calculated; 
      −𝑝𝑝𝑐𝑐𝑗𝑗 + ∑ ∑ ∑ ∑ ∑ 𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑖𝑖′ℎ𝑗𝑗𝑝𝑝 + ∑ ∑ ∑ 𝑐𝑐𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑗𝑗𝑝𝑝𝑝𝑝∈𝑃𝑃𝑖𝑖∈𝐾𝐾𝑖𝑖𝑖𝑖∈𝐼𝐼 =   0𝑝𝑝∈𝑃𝑃ℎ∈𝑖𝑖′𝑖𝑖′∈𝐼𝐼𝑖𝑖∈𝐾𝐾𝑖𝑖𝑖𝑖∈𝐼𝐼   
      ∀𝑗𝑗 ∈ 𝐽𝐽  , 𝑖𝑖 ≠ 𝑖𝑖′               (51) 
39. The positive or negative deviation of the turning on time preferred for each machine (if it is turned on) 
is computed; 
      𝑐𝑐𝑡𝑡𝑗𝑗 + ℎ𝑝𝑝𝑗𝑗 − ℎ𝑝𝑝𝑗𝑗 = ℎ𝑐𝑐𝑗𝑗(∑ 𝑐𝑐𝑐𝑐𝑝𝑝𝑗𝑗𝑝𝑝∈𝑃𝑃𝑠𝑠 )                ∀𝑗𝑗 ∈ 𝐽𝐽 (52) 
40. The positive or negative deviation of the number of setups preferred for each machine (if it is turned 
on) is calculated; 
      𝑝𝑝𝑐𝑐𝑗𝑗 + 𝑐𝑐𝑐𝑐𝑝𝑝𝑗𝑗 − 𝑐𝑐𝑐𝑐𝑝𝑝𝑗𝑗 = 𝑐𝑐𝑐𝑐𝑗𝑗(∑ 𝑐𝑐𝑐𝑐𝑝𝑝𝑗𝑗𝑝𝑝∈𝑃𝑃𝑠𝑠 )                ∀𝑗𝑗 ∈ 𝐽𝐽 (53) 
41. The positive or negative deviation from the start time of each step of preventive maintenance for each 
machine is computed; 
      𝑀𝑀𝑝𝑝𝑐𝑐𝑛𝑛𝑗𝑗 ∑ 𝑐𝑐𝑝𝑝𝑐𝑐𝑛𝑛𝑗𝑗𝑝𝑝𝑝𝑝∈𝑃𝑃 + 𝑐𝑐𝑝𝑝𝑐𝑐𝑝𝑝𝑛𝑛𝑗𝑗 − 𝑐𝑐𝑝𝑝𝑐𝑐𝑝𝑝𝑛𝑛𝑗𝑗 = 𝑐𝑐𝑐𝑐𝑝𝑝𝑐𝑐𝑛𝑛𝑗𝑗𝑏𝑏𝑝𝑝𝑐𝑐𝑛𝑛𝑗𝑗          ∀𝑗𝑗 ∈ 𝐽𝐽,  ∀𝑝𝑝 ∈ 𝑁𝑁𝑝𝑝𝑐𝑐𝑗𝑗  (54) 
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42. If the preventive maintenance of step 𝑝𝑝, it should be assigned to that machine because of the machine 
being turned on at this time, this assignment must be done in one of the stages; 
      𝑏𝑏𝑝𝑝𝑐𝑐𝑛𝑛𝑗𝑗 ≤ ∑ 𝑐𝑐𝑝𝑝𝑐𝑐𝑛𝑛𝑗𝑗𝑝𝑝𝑝𝑝∈𝑃𝑃          ∀𝑗𝑗 ∈ 𝐽𝐽,  ∀𝑝𝑝 ∈ 𝑁𝑁𝑝𝑝𝑐𝑐𝑗𝑗  (55) 
43. These constraints ensure that if the preventive maintenance is assigned to a machine, the machine is 
turn on at the start time of the maintenance; 
      𝑀𝑀𝑗𝑗𝑝𝑝 − 𝑐𝑐𝑐𝑐𝑝𝑝𝑐𝑐𝑛𝑛𝑗𝑗 ≥ −𝑀𝑀�1 − 𝑏𝑏𝑝𝑝𝑐𝑐𝑛𝑛𝑗𝑗�         ∀𝑝𝑝 ∈ 𝑁𝑁𝑝𝑝𝑐𝑐𝑗𝑗 , ∀𝑗𝑗 ∈ 𝐽𝐽,  ∀𝑝𝑝 ∈ 𝑃𝑃 (56) 
      𝑀𝑀𝑗𝑗𝑝𝑝 − 𝑐𝑐𝑐𝑐𝑝𝑝𝑐𝑐𝑛𝑛𝑗𝑗 ≤ 𝑀𝑀𝑏𝑏𝑝𝑝𝑐𝑐𝑛𝑛𝑗𝑗                         ∀𝑝𝑝 ∈ 𝑁𝑁𝑝𝑝𝑐𝑐𝑗𝑗 , ∀𝑗𝑗 ∈ 𝐽𝐽,  ∀𝑝𝑝 ∈ 𝑃𝑃 (57) 
44. This constraint calculates the total desirable or undesirable operations assigned to each machine; 
      −𝑝𝑝𝑗𝑗 − ∑ ∑ 𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑗𝑗𝑝𝑝𝑝𝑝∈𝑃𝑃𝑖𝑖𝑖𝑖∈𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝑗𝑗 + ∑ ∑ 𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑗𝑗𝑝𝑝𝑝𝑝∈𝑃𝑃𝑖𝑖𝑖𝑖∈𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝑗𝑗 = 0         ∀𝑗𝑗 ∈ 𝐽𝐽 (58) 
45. The minimum time of turning on for a machine (if the machine is turned on); 
      𝑐𝑐𝑡𝑡𝑗𝑗 ≥ ∑ 𝑐𝑐𝑐𝑐𝑗𝑗𝑝𝑝𝑝𝑝∈𝑃𝑃𝑠𝑠 𝑐𝑐𝑐𝑐𝑖𝑖𝑝𝑝𝑗𝑗          ∀𝑗𝑗 ∈ 𝐽𝐽 (59) 
46. This constraint calculates the deviation of the delivery time of each product;  
      𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖 = ∑ 𝑀𝑀𝑐𝑐𝑖𝑖𝑖𝑖𝑗𝑗𝑗𝑗∈𝐽𝐽𝑖𝑖𝑖𝑖 + ∑ 𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑗𝑗𝑗𝑗∈𝐽𝐽𝑖𝑖𝑖𝑖 − 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖          ∀𝑖𝑖 ∈ 𝐼𝐼, ∀𝑘𝑘 ∈ 𝑂𝑂𝑖𝑖 (60) 
47. This constraint calculates delayed delivery of each product (earlier delivery is not considered); 
      𝑆𝑆𝑖𝑖 ≥ 𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖                                       ∀𝑖𝑖 ∈ 𝐼𝐼 (61) 
      𝑆𝑆𝑖𝑖 ≥ 0                                            ∀𝑖𝑖 ∈ 𝐼𝐼 (62) 
Results and discussion 
In this part, several numerical examples are solved to evaluate the model and sensitivity analysis is per-
formed on the costs and penalties of the model. There is a production system with five machines and three 
products that are being produced in this system. The sequence of production operations and the duration 
of each operation are given in Table1.1. The “N” in Table1.1. indicates that the machine is not capable to 
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Table 1.1. Duration of each operation on each machine 
The time to perform any operation on any machine The operations  
of each job 
Jobs 
𝑖𝑖 5 4 3 2 1 
70  N 50  N 60  𝑂𝑂11 
1 N 13  N 20  15  𝑂𝑂12 
50  45  40 N 35  𝑂𝑂13 
N N 60 50  45  𝑂𝑂21 
2 45  25  25 30  N 𝑂𝑂22 
110  70  80 N 90  𝑂𝑂23 
N 90  110  N 130  𝑂𝑂31 
3 18  15  N 20  N 𝑂𝑂32 
38  N 40  35  35  𝑂𝑂33 
     
It is assumed that machines can start their activity only in the first stage. Table 1.2. shows the priority of 
each machine. Tables 1.3. and 1.4. show the costs and penalties used in the numerical examples. Table 
1.5. shows the parameters. Table 1.6. is the deadline for delivering jobs, and Table 1.7. specifies the time 
allowed for carrying out preventive maintenance of each step of each machine, and Table 1.8. shows the 
duration of setup when changing job for each machine. Tables 1.9.-1.12. show the sets defined in the 
numerical examples, and Table 1.13. shows the duration of the preventive maintenance of each step of 
each machine. Table 1.14. shows the duration of the setup when changing from idle state to production 
operation. 
Table 1.2. Priorities of each machine 
Priorities  
𝑐𝑐𝑐𝑐𝑝𝑝𝑐𝑐3𝑗𝑗 𝑐𝑐𝑐𝑐𝑝𝑝𝑐𝑐2𝑗𝑗 𝑐𝑐𝑐𝑐𝑝𝑝𝑐𝑐1𝑗𝑗 𝑐𝑐𝑐𝑐𝑗𝑗 ℎ𝑐𝑐𝑗𝑗 Machines 
285 185 80 3 300 1 
260 145 70 3 180 2 
330 220 90 0 60 3 
310 290 113 1 180 4 
350 245 150 1 300 5 
Table 1.3. The costs 
𝑐𝑐𝑐𝑐𝑗𝑗 𝑐𝑐𝑝𝑝𝑐𝑐𝑗𝑗 𝑐𝑐𝑐𝑐𝑗𝑗 𝑐𝑐𝑝𝑝𝑗𝑗 𝑐𝑐𝑐𝑐𝑐𝑐𝑗𝑗 𝑐𝑐𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝑗𝑗 
0 0 4 25 1 2 
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Table 1.4. The penalties 
𝑝𝑝𝑐𝑐𝑐𝑐𝑗𝑗 𝑝𝑝𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑗𝑗  𝑝𝑝𝑐𝑐𝑐𝑐𝑝𝑝𝑐𝑐𝑝𝑝3𝑗𝑗 𝑝𝑝𝑐𝑐𝑐𝑐𝑝𝑝𝑐𝑐𝑝𝑝3𝑗𝑗 𝑝𝑝𝑐𝑐𝑐𝑐𝑝𝑝𝑐𝑐𝑝𝑝2𝑗𝑗 𝑝𝑝𝑐𝑐𝑐𝑐𝑝𝑝𝑐𝑐𝑝𝑝2𝑗𝑗 𝑝𝑝𝑐𝑐𝑐𝑐𝑝𝑝𝑐𝑐𝑝𝑝1𝑗𝑗 𝑝𝑝𝑐𝑐𝑐𝑐𝑝𝑝𝑐𝑐𝑝𝑝1𝑗𝑗 𝑝𝑝𝑐𝑐𝑐𝑐𝑐𝑐𝑝𝑝𝑗𝑗 𝑝𝑝𝑐𝑐𝑐𝑐𝑐𝑐𝑝𝑝𝑗𝑗 𝑝𝑝𝑐𝑐ℎ𝑐𝑐𝑝𝑝𝑗𝑗 𝑝𝑝𝑐𝑐ℎ𝑐𝑐𝑝𝑝𝑗𝑗 
10 2 1 1 1 1 1 1 10 10 1 1 
Table 1.5. The other parameters 
𝑐𝑐𝑐𝑐𝑖𝑖𝑝𝑝𝑗𝑗  𝑀𝑀𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝑗𝑗 𝑀𝑀𝑐𝑐𝑀𝑀𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝑗𝑗 𝑁𝑁𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝑗𝑗  
50 60 20 3 
Table 1.6. The delivery deadlines for each job 
Jobs 1 2 3 
𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖 130 300 190 
Table 1.7. Allowed time interval for preventive maintenance of each step of the machine 
Machines  
5 4 3 2 1     Time interval 
135 98 75 45 65 𝐸𝐸𝑆𝑆𝑝𝑝𝑐𝑐1𝑗𝑗 
230 265 205 145 170 𝐸𝐸𝑆𝑆𝑝𝑝𝑐𝑐2𝑗𝑗 
335 295 315 245 270 𝐸𝐸𝑆𝑆𝑝𝑝𝑐𝑐3𝑗𝑗 
165 128 135 75 95 𝐿𝐿𝑆𝑆𝑝𝑝𝑐𝑐1𝑗𝑗 
260 295 235 175 200 𝐿𝐿𝑆𝑆𝑝𝑝𝑐𝑐2𝑗𝑗 
365 325 345 275 300 𝐿𝐿𝑆𝑆𝑝𝑝𝑐𝑐3𝑗𝑗 
Table 1.8. Duration of setup when changing job for each machine 
Setup time The operations The operations Jobs 
𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑖𝑖′ℎ5 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑖𝑖′ℎ4 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑖𝑖′ℎ3 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑖𝑖′ℎ2 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑖𝑖′ℎ1 ℎ ∈ 𝐾𝐾𝑖𝑖′  𝑘𝑘 ∈ 𝐾𝐾𝑖𝑖 𝑖𝑖′ 𝑖𝑖 
14 13 9 12 12 1,2,3 1,2,3 2 
1 
9 12 13 15 15 1,2,3 1,2,3 3 
12 13 14 8 10 1,2,3 1,2,3 1 
2 
10 12 12 9 12 1,2,3 1,2,3 3 
12 10 10 12 13 1,2,3 1,2,3 1 
3 
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Table 1.9.  The Sets 
Sets J I P 𝑃𝑃𝑠𝑠 
Members {1,2,3,4,5} {1,2,3} {1,2,3,…,10} {1} 
 
Table 1.10 The defined sets on each machine 
Machines  
Sets 5 4 3 2 1 
{1,2,3} {1,2,3} {1,2,3} {1,2,3} {1,2,3} 𝑁𝑁𝑝𝑝𝑐𝑐𝑗𝑗 
{𝑜𝑜13, 𝑜𝑜33} {𝑜𝑜13, 𝑜𝑜22, 𝑜𝑜23} {𝑜𝑜11, 𝑜𝑜31} {𝑜𝑜22, 𝑜𝑜32} {𝑜𝑜12, 𝑜𝑜21, 𝑜𝑜23, 𝑜𝑜33} 𝐼𝐼𝐼𝐼𝑐𝑐𝐼𝐼𝑗𝑗  
{𝑜𝑜11,𝑜𝑜23, 𝑜𝑜32} {𝑜𝑜12, 𝑜𝑜32} {𝑜𝑜13, 𝑜𝑜23, 𝑜𝑜22} {𝑜𝑜21, 𝑜𝑜33} {𝑜𝑜11, 𝑜𝑜31} 𝐼𝐼𝑐𝑐𝐼𝐼𝑐𝑐𝑗𝑗  
 
Table 1.11. A set of machines that can perform the operations 
The operations  
Sets 𝑜𝑜33 𝑜𝑜32 𝑜𝑜31 𝑜𝑜23 𝑜𝑜22 𝑜𝑜21 𝑜𝑜13 𝑜𝑜12 𝑜𝑜11 
{1,2,3,5} {2,4,5} {1,3,4} {1,3,4,5} {2,3,4,5} {1,2,3} {1,3,4,5} {1,2,4} {1,3,5} 𝐽𝐽𝑖𝑖𝑖𝑖 
 
Table 1.12. The operations of every job 
Jobs  
3 2 1 Sets 
{1,2,3} {1,2,3} {1,2,3} 𝐾𝐾𝑗𝑗  
{𝑜𝑜33} {𝑜𝑜23} {𝑜𝑜13} 𝑂𝑂𝑖𝑖 
 
Table 1.13. The duration of preventive maintenance of each step on each machine 
Machines duration of 
preventive 
maintenance 
5 4 3 2 1 
25 30 20 10 30 𝑐𝑐𝑝𝑝𝑐𝑐1𝑗𝑗  
30 35 25 15 20 𝑐𝑐𝑝𝑝𝑐𝑐2𝑗𝑗  
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Table 1.14. The duration required to setup in changing from idle state to the production operations 
Setup time Operations Jobs 
𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖5 𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖4 𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖3 𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖2 𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖1 𝑘𝑘 ∈ 𝐾𝐾𝑖𝑖 𝑖𝑖 
14 13 9 12 12 1 
1 17 15 11 10 14 2 
9 12 13 15 15 3 
12 13 14 8 10 1 
2 20 19 13 15 18 2 
10 12 12 9 12 3 
12 10 10 12 13 1 
3 15 20 19 18 15 2 
14 12 12 15 20 3 
  
For the proposed model, the program is written in the GAMS software (version 24.9.1) and solved using 
the Baron solver. The optimum object function value is equal to 2143 and the solution time is 483 sec-
onds. The scheduling is in accordance with Table 1.15. The delivery time of products is equal to 120, 185 
and 155.  
Table 1.15. Computational Results 
Machines  
5 4 3 2 1 Stages 
 𝑐𝑐𝑐𝑐3141 𝑐𝑐𝑐𝑐1131  𝑐𝑐𝑐𝑐2111 1 
 𝑐𝑐𝑐𝑐3242 𝑐𝑐𝑐𝑐𝑐𝑐112232  𝑐𝑐𝑐𝑐𝑐𝑐211212 2 
 𝑐𝑐𝑝𝑝𝑐𝑐143 𝑐𝑐𝑐𝑐2233  𝑐𝑐𝑐𝑐1213 3 
 𝑐𝑐𝑐𝑐𝑐𝑐322344 𝑐𝑐𝑝𝑝𝑐𝑐134  𝑐𝑐𝑝𝑝𝑐𝑐114 4 
 𝑐𝑐𝑐𝑐2345 𝑐𝑐𝑐𝑐𝑐𝑐223335  𝑐𝑐𝑐𝑐1315 5 
  𝑐𝑐𝑐𝑐3336   6 
      
Sensitivity analysis is performed to illustrate the effect of the parameter on optimal decisions. In the sen-
sitivity analysis, the parameters that have been changed include the various costs and penalties listed in 
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Table 1.16. The variation of penalties and costs for sensitivity analysis 
 














The results of the sensitivity analysis are presented in Table 1.17.  
Table 1.17. Computational results of sensitivity analysis 
 Basic Case 1 Case 2 Case 3 Case 4 Case 5 Case 6 
𝑍𝑍∗ 2143 1838 2124 1723 1748 2008 2037 
Total penalties of machines' priorities 128 98 75 45 178 121 138 
Total costs 1975 1708 2021 1658 1534 1865 1887 






Case 6 Case 5 Case 4 Case 3 Case 2 Case 1 Basic 
0 0 0 0 +1 -0.5 1 𝑝𝑝𝑐𝑐ℎ𝑐𝑐𝑝𝑝𝑗𝑗 
0 0 0 0 +1 -0.5 1 𝑝𝑝𝑐𝑐ℎ𝑐𝑐𝑝𝑝𝑗𝑗 
0 0 0 0 +10 -5 10 𝑝𝑝𝑐𝑐𝑐𝑐𝑐𝑐𝑝𝑝𝑗𝑗 
0 0 0 0 +10 -5 10 𝑝𝑝𝑐𝑐𝑐𝑐𝑐𝑐𝑝𝑝𝑗𝑗 
0 0 0 0 +10 -5 10 𝑝𝑝𝑐𝑐𝑐𝑐𝑗𝑗 
0 0 0 0 +1 -0.5 1 𝑝𝑝𝑐𝑐𝑐𝑐𝑝𝑝𝑐𝑐𝑝𝑝1𝑗𝑗 
0 0 0 0 +1 -0.5 1 𝑝𝑝𝑐𝑐𝑐𝑐𝑝𝑝𝑐𝑐𝑝𝑝1𝑗𝑗 
0 0 0 0 +1 -0.5 1 𝑝𝑝𝑐𝑐𝑐𝑐𝑝𝑝𝑐𝑐𝑝𝑝2𝑗𝑗 
0 0 0 0 +1 -0.5 1 𝑝𝑝𝑐𝑐𝑐𝑐𝑝𝑝𝑐𝑐𝑝𝑝2𝑗𝑗 
0 0 0 0 +1 -0.5 1 𝑝𝑝𝑐𝑐𝑐𝑐𝑝𝑝𝑐𝑐𝑝𝑝3𝑗𝑗 
0 0 0 0 +1 -0.5 1 𝑝𝑝𝑐𝑐𝑐𝑐𝑝𝑝𝑐𝑐𝑝𝑝3𝑗𝑗 
+2 -1 0 0 0 0 2 𝑝𝑝𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖 
0 0 +4 -2 0 0 4 𝑐𝑐𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝑗𝑗 
0 0 +2 -0.5 0 0 1 𝑐𝑐𝑐𝑐𝑐𝑐𝑗𝑗 
0 0 +50 -13 0 0 25 𝑐𝑐𝑝𝑝𝑗𝑗 
0 0 +4 -2 0 0 4 𝑐𝑐𝑐𝑐𝑗𝑗 
0 0 0 0 0 0 0 𝑐𝑐𝑝𝑝𝑐𝑐𝑗𝑗 
0 0 0 0 0 0 0 𝑐𝑐𝑐𝑐𝑗𝑗 
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As seen in Table 1.17., the following can be noted: 
• Variation in penalties for machines' priorities: As the penalties increases, the scheduling moves 
towards more satisfying these priorities. So that the penalties resulting from these deviations in 
the objective function are reduced. The object function, despite the doubling of penalties, is re-
duced. Because the number and value of deviations have decreased. Also, by the reduction of 
penalties for machines' priorities, the objective function has decreased, while the number of de-
viations has increased from the priorities of machines, which is logical. 
• Variation of the costs:  The variation of the cost affects both the delivery delay of the product 
and the total penalties for machines' priorities. As the costs increase, the total penalties for ma-
chines' priorities and the penalties for delayed delivery increase and scheduling and delivery of 
product are done in accordance with reduced costs. 
• Variation in penalties for delayed delivery: As the penalties for delayed delivery increase, the 
scheduling tends to reduce delayed delivery of products. Total penalties of machines' priorities 
and total costs have been changed in accordance with decreasing penalties for delivery delay of 
products. 
 The results of the sensitivity analysis show that the model responds logically to variations of the 
parameters of the problem. The change in input parameters affect the scheduling and the time of 
delivery of products and it reflects the relationship between scheduling with priorities and pro-
duction scheduling. 
 The combination optimization problems are known as NP-hard problems. Due to the complexity 
and difficulty of solving these problems, the solution time increases exponentially as the dimen-
sions of the problem increase. In the following, several problems with small and medium dimen-
sions have been solved according to the data of Table 1.18. to show the efficiency of the model, 
and the results have been given according to the solution time. For these examples, the same pa-
rameters defined in the numerical example are used, but the number of machines and jobs are 
multiplied by two, three, four, and five, respectively. To solve these models, an Intel (R) Core 
(TM) i7CPU processor computer with 32 GB of memory has been used.  
Table 1.18. Dimensions of problems and solution time. 






Case 1 5 3 483 
Case 2 10 6 2700 
Case 3 15 9 7530 
Case 4 20 12 11340 
Case 5 25 15 17780 
 
As can be seen in Table 1.18., the solution time increases nonlinearly by increasing the dimensions of the 
problem. To solve a problem with 30 machines and 18 products, the program showed an out-of-memory 
message. According to Table 1.18., the time to solve these problems may be acceptable for small prob-
lems, but given that in production centers, there are a large number of machines and production opera-
tions that must be solved in a short and fast time. Exact methods are not acceptable for large-scale prob-
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lems and the need to use metaheuristic algorithms in solving combinatorial optimization problems is felt. 
Metaheuristic algorithms get acceptable answers in a reasonable time. 
Conclusion   
This paper presents a new mathematical programming model for partial flexible job shop scheduling with 
preventive maintenance. The purpose of this model is to allocate production operations to machines with 
the goal of simultaneously minimizing operating costs, penalties of delays in delivery, deviations from the 
fixed time point of preventive maintenance of each step of each machine and deviations of priorities for 
each machine.  
The contribution of this paper is to develop a model for the integrated optimization of the partial flexible 
job shop scheduling, considering the delayed delivery penalty, the penalty of the deviation from the start 
time of each step of preventive maintenance for each machine and the penalty of the deviation from the 
preferred priorities of each machine. The goal is to reduce costs per time unit. Also, in this model, the 
start time of each step of preventive maintenance for each machine is a fixed time point, but with the 
imposition of penalty it can change within a time interval.  
Several numerical examples are presented to evaluate the model, and the sensitivity analysis shows the 
dependence between the scheduling and preferences for each machine.  
These assumptions make this model applicable to industrial environments, in real production environ-
ments, there are always priorities in the select of machines for assignment to activities as well as duration 
of turning on and the number of setup of each machine. Despite this fact, this issue has not been consid-
ered in the literature on the partial flexible job shop scheduling problem with preventive maintenance. 
Also, considering a fixed time point for each step of maintenance on each machine, and considering the 
allowed time interval with the imposition of the penalty for the deviation from the fixed point is more 
consistent with the reality of maintenance. These research gaps are considered in this paper and these 
assumptions make this model closer to the reality of production environments.  
Partial flexible job shop problem is a combination optimization problem, In future research, it is suggest-
ed that this model be solved by meta-heuristic algorithms in order to complete evaluation of the model's 
capability. It is also recommended to incorporate quality control and human resource planning policies in 
this model, considering the selective priorities for each worker. The simultaneous optimization of produc-
tion planning, preventive maintenance and quality control with regard to priorities can be done in future 
research.  
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